
Some nice formulas

1. Definitions:

Γ(z) =

∫ ∞
0

tz−1e−t dt = 2

∫ ∞
0

t2z−1e−t
2
dt =

∫ 1

0
(− log(t))z−1 dt for Re(z) > 0

B(x, y) =
Γ(x)Γ(y)

Γ(x+ y)
=

∫ 1

0
tx−1(1− t)y−1 dt = 2

∫ π
2

0
sin2x−1θ cos2y−1θ dθ

ζ(s) =

∞∑
n=1

1

ns
=

∏
all primes p

(1− p−s)−1 for Re(s) > 1

η(s) =
∞∑
n=1

(−1)n+1

ns
dx for Re(s) > 0

ζ(s) =
1

1− 21−s
η(s) for Re(s) > 0

ξ(s) = π−
s
2 Γ(

s

2
)ζ(s) for Re(s) > 0

These functions have meromorphic (only poles no essential singularities) extensions to the whole
complex plane C. This is achieved by contour integrals and functional identities.

2. Identities:

Γ(z + 1) = zΓ(z)

Γ(z)Γ(1− z) =
π

sin(πz)

Γ(s)ζ(s) =

∫ ∞
0

ts−1

et − 1
dt

Γ(s)η(s) =

∫ ∞
0

ts−1

et + 1
dt

ξ(s) = ξ(1− s)

3. Special values

Γ(n) = n! for n ∈ N Γ(
1

2
) =
√
π

ζ(2) =
π2

6
ζ(4) =

π4

90
ζ(2n) = (−1)nB2n

22n−1π2n

(2n)!
for n ∈ N

ζ(0) = −1

2
ζ(−1) = − 1

12
ζ(−2n+ 1) = −B2n

2n
ζ(−2n) = 0 for n ∈ N

ζ ′(0) = −1

2
log(2π)

∞∏
n=1

n = exp(−ζ ′(0)) =
√

2π

The Bn are the Bernoulli numbers which show up in the following Taylor/Laurent expansions:
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4. Series expansions:

1

ez − 1
=

1

z
− 1

2
+

∞∑
k=1

B2k
z2k

(2k)!

cot z =
1

z
+

∞∑
k=1

(−1)kB2k
(2)2k

(2k)!
z2k−1

csc(z) =
1

z
+

∞∑
k=1

(−1)k−1B2k
2(22k−1 − 1)

(2k)!
z2k−1
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